


approximation to a pth-order RLMMSE �lter for {xn}. Using
Theorem 2 and the special structures of the matrices F̄1,1, F̄1,2,
F̄2,1, and F̄2,2, we show, below, that the complexity of estimating
x0, x1, . . . , xn is O(n(r � p)pN3

x + np3N3
x). If r � p, this is a

signi�cant reduction in the complexity in comparison to the KF
at the price of performance. The idea is to reduce the complexity
with only a small performance loss. We will see in the next
section that, indeed, this can be done in the channel tracking
problem. Thus by changing p, we can tradeoff between the
complexity and tracking performance. The main step in proving
the complexity of the pth-order RLMMSE �lter is to observe
that since F̄1,1, F̄1,2, F̄2,1, and F̄2,2 have a special structure, the
matrix Fn also has a special structure for all n · 0, and this
special structure can be used to reduce the complexity. To see
that, note that

F̄1,2E(qn(x̂p
n)T )E(x̂p

n(x̂p
n)T )† =

�
Ã1 Ã2 · · · Ãp

0 0 · · · 0

�
,

for some matrices Ã1, Ã2, . . . , Ãp � RNx×Nx . Thus by Theorem
2,

Fn =
�

A1 + Ã1 A2 + Ã1 · · · Ap + Ãp

I(p−1)Nx
0

�
.

It can be veri�ed that the special structure of Fn enables us
to compute E(qn+1(x̂p

n)T )FT
n using (r � p)pN3

x scalar multi-
plications and copying p(r � p � 1)N2

x entries of the matrix
E(qn+1(x̂p

n)T ) to the resulted matrix. Thus it can be veri�ed
that Fn+1 can be calculated using O((r�p)pN3

x +p3N3
x) scalar

multiplications, where the O(p3N3
x) complexity is due to the

calculation of E(x̂p
n(x̂p

n)T )†. Thus the complexity of estimating
x0, x1, . . . , xn is O(n(r � p)pN3

x + np3N3
x).

V. APPLICATION TO THE CHANNEL TRACKING PROBLEM

Let us return to the channel tracking problem. Since the
processes {c(i,k)

m,n } and {c(i′,k′)
m′,n } are independent whenever k �= k′

and {u(k)
n } and {u(l)

n } are independent whenever k �= l, the
taps c

(i,k)
m,n can be estimated solely based on the observations

{z(i)
n } for 1 � i � NT , 0 � m � ν � 1, and n · 0.

Thus the channel tracking problem can be decomposed into
NR separate tracking problems. Each problem corresponds to
a different receive antenna and in each problem, the taps of
all SISO channels between a transmit antenna and that receive
antenna are estimated solely based on observations available
in that receive antenna. Thus without loss of generality, we
may consider only the case NR = 1. In this case, since there
is only one receive antenna, we write zn = z

(1)
n , c

(i)
m,n =

c
(i,1)
m,n , and un = u

(1)
n . Let c̄

(i)
m,n =

�
Re

�
c

(i)
m,n

�
Im

�
c

(i)
m,n

��
,

c(i)
n =

�
c̄

(i)
0,n c̄

(i)
1,n · · · c̄(i)

ν−1,n

�
, and xn =

�
c(1)

n c(2)
n · · · c(NT )

n

� T

.
Note that the autocorrelation of {xn}, Rx(n), is the matrix
1
2J0(2πfDT |n|)INx

. Let a
(i)
n =

�
Re

�
a

(i)
n

�
� Im

�
a

(i)
n

��
,

a
(i)
n =

�
Im

�
a

(i)
n

�
Re

�
a

(i)
n

��
, a(i)

n =
�
a

(i)
n a

(i)
n−1 · · · a(i)

n−ν+1

�
,

a(i)
n =

�
a

(i)
n a

(i)
n−1 · · · a(i)

n−ν+1

�
, and

Hn =

�
a(1)

n a(2)
n · · · a(NT )

n

a(1)
n a(2)

n · · · a(NT )
n

	

.

Let yn = [Re(zn) Im(zn)]T and vn = [Re(un) Im(un)]T . Then
yn = Hnxn + vn. Note that Nx = 2NT ν. Let λ denote the
covariance of vn. Then λ is a 2×2 diagonal matrix with diagonal
elements 1

2γ2, where γ2 = E(unu∗
n). Since we normalize the

variance of each tap, the SNR is simply νNT /γ2.
After the channel tracking problem is casted in the above

form, we are ready to investigate the performance of different
channel tracking schemes. For this purpose, we use Monte Carlo
simulations. The sequence {a(i)

n } is a pseudo-random sequence
for 1 � i � NT . In this paper, since we consider only the channel
tracking problem, we assume these sequences are available at the
receiver. This is certainly the case during the training period. The
sequences {c(i)

m,n} are generated using the modi�ed Jakes model
[10]. We consider the following MIMO channel. We assume
NT = 2, ν = 2, and an SNR of 25 dB. With this choice, Nx = 8.
We consider two cases of normalized Doppler rates, fDT = 0.02
and fDT = 0.007.

First, let us consider Kalman �ltering. The usual method to
utilize the KF to track a Rayleigh-faded channel is to approximate
the true channel model by an AR(r) process. Since the channel
taps are uncorrelated, this can be separately done for each tap. The
most common method to approximate the autocorrelation of the
Jakes process by an AR(r) model is by solving the Yule-Walker
equations (cf. [5] and [11]). What makes this method attractive is
its correlation matching property. However, this method should be
done with great caution. This method involves a matrix inversion
and it turns out that even for very small r, depending on the
normalized Doppler rate, the matrix involved is ill-conditioned
[11]. In order to overcome this problem, we use the heuristic
method proposed in [11]. In this method a small bias ε is used
to condition the Yule-Walker equations. It worths mentioning
that while the zeroth autocorrelation lag will contain a small
additive error, the next r lags will match those of the desired
autocorrelation function [11]. It is well known that low-order
AR models result in poor match to the Jakes autocorrelation
function [11]. Nevertheless, Kalman �ltering based on low-order
AR models are commonly used to track wireless channels. Figs. 1
and 2 show the performance of the KF based on an AR(3) model
as a function of time n for fDT = 0.02 and fDT = 0.007,
respectively. The MSE shown in these �gures is calculated as

1
NT ν E((x̂n�xn)T (x̂n�xn)), i.e, it is the averaged MSE, where
the average is taken over all taps. In both cases, it is evident
that the MSE considerably degrades after n = 25. This can
be explained by the model mismatch. The AR(3) model gives a
good approximation for the Jakes autocorrelation only for a small
number of lags. In the �rst few iterations, the KF uses only the
�rst few lags of the AR(3) autocorrelation function, which are in
good agreement with the true autocorrelation. Later, the model
mismatch starts to affect the performance and causes the observed
degradation.

Figs. 1 and 2 also show the performance of the KF based on
an AR(20) model as a function of time n for fDT = 0.02 and
fDT = 0.007, respectively. The AR(20) KF has a very good
performance and the problem of MSE degradation, observed in
the AR(3) case, completely disappears. The performance of the
AR(20) KF is signi�cantly better than that of the AR(3) KF. More
than 5 dB improvement is observed in both cases of normalized
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Fig. 1. Performance of �lters as a function of time n: fD T = 0 .02, NT = 2 ,
ν = 2 , SNR= 25 dB.
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Fig. 2. Performance of �lters as a function of time n: fD T = 0 .007, NT = 2 ,
ν = 2 , SNR= 25 dB.

Doppler rates.
The problem with Kalman �ltering based on AR(20) models

is the computational complexity. In this case, since Nx = 8, the
dimension of the state vector used in Kalman �ltering is 160.
This leads to a considerable computational complexity that may
preclude the use of this �lter. Therefore, we want to use the
RLMMSE approach to reduce the complexity without having a
signi�cant degradation in performance. Figs. 1 and 2 show the
performance of a third-order RLMMSE �lter as a function of
time n for fDT = 0.02 and fDT = 0.007, respectively. In both
cases, the performance of a third-order RLMMSE �lter is very
close to that of the AR(20) KF. This means that by approximating
the RLMMSE, we may derive �lters that have almost the same

performance as the AR(20) KF with much less computational
complexity. We approximate the third-order RLMMSE �lter by
approximating the process {xn} with an AR(20) process. We
use the same AR(20) model as used for the AR(20) KF. Figs. 1
and 2 show that the performance of the approximated third-order
RLMMSE �lter is almost undistinguishable from that of the third-
order RLMMSE �lter. Thus in this case, using an AR(20) model
provides us with a very good approximation to the third-order
RLMMSE �lter. Hence the MSE of the approximated third-order
RLMMSE �lter is also very close that that of the AR(20) KF.

VI. CONCLUSIONS

We derive RLMMSE �lters, which have a theoretical signif-
icance in the evaluation of other suboptimal recursive �lters.
We have shown that in the channel tracking problem consid-
ered in this apper, it is possible to derive approximations to
RLMMSE �lters that have attractive computational complexity.
These approximated RLMMSE �lters enable us to reduce the
computational complexity in comparison to Kalman �ltering
schemes that are based on high-order AR models with only a
minor loss in performance. Thus the RLMMSE �ltering approach
provides an ef�cient method to tradeoff between performance and
computational complexity.
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