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Abstract

The ultra-wideband channel (UWB) is characterized by thesgnce of dense multipath and
robustness to multipath fading. By taking system perforreasubsequent to acquisition into account,
it was shown recently that there are multiple phases (cdhechit set) where a receiver lock can be
considered as successful acquisition. In this case, tli@ search may no longer be the optimal choice
for the sequential search strategy in the acquisition syste this paper, we consider the problem of
finding better search strategies in the set of all searclegies which are permutations of the search
space. The large size of the search space and the absengeeaptoitable structure make the problem of
finding the permutation search strategy which minimizestlean detection time prohibitively complex.
However, if we take the first-order approximation that ptubies of detection of all the hit set phases
are equal then there exists a permutation search strategh whinimizes the mean detection time.
Since the actual probabilities of detection are not eqh@,search strategy although not optimal serves
as a useful heuristic solution to an otherwise intractabtdlem. Furthermore, we see that this search
strategy has a simple Jump-bystructure and improves the mean detection time by a signifmaount

compared to the serial search.

The material in this paper was presented in part at the IEB#cMEr Technology Conference 2004-Fall, Los Angeles, CA,
September 2004.



. INTRODUCTION

In spread spectrum systems, timing synchronization ialy performed in two stages [10],
[11]. The first stage achieves coarse synchronization thinve reasonable amount of accuracy
in a short time and is known as the acquisition stage. Thensestage is known as the tracking
stage and is responsible for achieving fine synchronizatiod maintaining synchronization
through clock drifts occurring in the transmitter and theeiger. In the acquisition stage, the
timing ambiguity region is usually coarsely quantized amel ¢tandidate timing estimates, called
phases, are checked in a serial manner. In a multipath chaheesnergy corresponding to the
true signal phase is spread over several multipath compeiistPCs). The primary difference
between the acquisition problems in a multipath channelaaokannel without multipath is that
there is more than one hypothesized phase which can be eoadid good estimate of the true
signal phase. In a dense multipath environment like the U\W&hoel [1], the receiver may lock
onto a non-line-of-sight (non-LOS) path and still be ablgp&rform adequately as long as it is
able to collect enough energy. Taking post-acquisitiorigoerance into account, the existence
of multiple such phases (called thé sef for UWB systems was demonstrated in [2], [3]. The
analogous observation of the existence of multiple in-phaadls in frequency selective fading
channels for direct-sequence spread-spectrum systemmaae in [4]-[9].

When there are multiple elements in the hit set, the seraicbemay no longer be the optimal
sequential search strategy. The problem of finding effickerairch strategies for ultra-wideband
acquisition was first considered in [12]. In [12], the auth@ssume that the acquisition and
false alarm states are the same and compare various seatdyists on the basis of the mean
stopping time.

In this paper, we consider the problem of finding efficientrcleastrategies in the set of all
search strategies which are permutations of the searcle.spading the optimal permutation
search strategy which minimizes the mean detection timenwhe search space is large and
the probabilities of detection of the hit set elements at®gtrary turns out to be prohibitively

complex. However, if we assume the probabilities of detectf all the hit set phases to be



equal then there exists a permutation search strategy wihiicimizes the mean detection time.

Since the actual probabilities of detection are not equéd,gearch strategy although not optimal
serves as a useful heuristic solution to an otherwise itatbde problem. Furthermore, we see
that this search strategy has a simple JumpHbgtructure and improves the mean detection
time by a significant amount compared to the serial search.

The features of the system model of [3] relevant to the proldensidered are briefly described
in Section Il. The mean detection time of an arbitrary peatiah search strategy is calculated in
Section Il and the best permutation search strategy utdeassumption of equal probabilities
of detection is found in Section IV. We present some numerasults in Section V quantifying
the improvement in mean detection time performance foltbimg some concluding remarks in

Section VI.

II. SYSTEM MODEL

In this section, we briefly describe those aspects of an UWliation system which are
relevant to the problem of finding efficient search strateg# more detailed description can
be found in [3] where we analyzed and compared two approadiasely square-and-integrate
(SAIl) and integrate-and-square (IAS), for the acquisitdrJWB signals which perform equal
gain combining (EGC) to utilize the energy in the multipdthwas found that the IAS approach
without EGC (i.e. with EGC window size equal to one) was thadrestrategy suggesting that
EGC may not be a good method to utilize the energy in the mathipo improve acquisition
performance.

In this paper, we consider the IAS acquisition system witH6GC which has the structure
shown in Fig. 1. The transmitter transmits a periodic sigwéh period N7, during the
acquisition process, wherg, is the UWB pulse duration and, is a positive integer. We
assume that the pull-in range of the tracking loojisand hence the acquisition search only
needs to search the timing ambiguity region in increment$_.offTo simplify the analysis, we

assume that the true phase is an integer multipld oflt is then reasonable to choose the



hypothesized phase to always be an integer multipl€,0fThe timing ambiguity region is
equal to the period of the transmitted signal and hence taelsespace, which is the set of all
hypothesized phases, is given fy, 7., 27, ..., (N, — 1)T.}. The received signal is correlated
with a locally generated reference signal and the correlatdput is squared to generate the
decision statistid?(Ar; h) where At = 7 — 1, the difference between the hypothesized phase
7 and the true phase of the received signal, ankl is a random vector containing the channel
taps. The decision statistie(A7; h) is compared to a threshotdand the hypothesized phase
used to generate the reference signal is accepted as amtestifrthe true phase of the received
signal if the threshold is exceeded. If the threshold is moteeded, the process is repeated with
a new value for the hypothesized phase. A search strate@peiisthe sequence of hypothesized
phases which are checked until the threshold is exceededviNend it convenient to represent
the search space by = {1,2,3,..., Ny}, where the integen indexes the hypothesized phase
(n—1)T..

As mentioned earlier, there may be multiple phases in a densdgpath environment which
can be considered a good estimate of the true phase. A typacatigm for transceiver design
is the achievement of a certain nominal uncoded bit erroe (BER) \,. Then all those
hypothesized phases such that a receiver locked to therevashan uncoded BER of, can
be considered a good estimate of the true signal phase. Weedéihit setto be the set of
such hypothesized phases. For a given true phaset Pz(A7) denote the BER performance
of the receiver when it locks to the hypothesized phasehere AT = 7 — 7. Let T, be the
minimum SNR at which the receiver achieves a BER\pfwhen it locks to the LOS path, that
is, Pg(0) < A, when the SNR isY,, and Pg(0) > A, for all SNRs less thaf(',,. Then for an

SNR T > T, and true phase, the hit set is given by
Sy, ={7€85: Pg(AT) <\, }. (1)

In this paper, we assume that a partial Rake (PRake) reddi8krs employed for demodulation
and hit set in this case has been derived in [3]. The hibseés typically a block ofH consecutive

phases in the search spagavhere two elements j are considered to be consecutiveiif- j|



(mod Ng) = 1 or Ny — 1. For a particular value for the true phase of the receivedatjghe
position of the first element of the hit set blockzswhich is assumed to be equally likely to
be any element of. Givenp, the positions of all the hit set elements are completelgifipd.
Whenp > N, — H + 1, the lastp — N, + H — 1 hit set phases wrap around and are represented
by the firstp — N, + H — 1 phases of the search space. This is due to the periodicitiieof t
transmitted signal.

For a given threshold, the average probability of detection is given by
Pp(y, At) = Ey[Pr(R(AT;h) > 7)], 7 € Sh, 2
and the average probability of false alarm is given by
Prpa(y, A7) = Ep[Pr(R(AT;h) > 7)), 7 & S, ®3)

where E;,[-] denotes expectation with respect to the distribution ofd@nnel taps. We assume
the channel model given in [14] in the evaluation of thesaaye probabilities.

In traditional spread spectrum acquisition systems, tlusae threshold is chosen such that
the probability of false alarm in each of the non-hit set gsais small. Usually, a verification
stage in the acquisition system aids in the identificatiosh @jection of false alarm events with
high probability. However, for threshold-based UWB acdiga systems it is difficult to build
a good verification stage which can distinguish between actien event and a false alarm
[15]. Thus a more appropriate choice of decision threstolahie which restricts the probability
that the acquisition process encounters a false alarm tamad.sSo if Pe(v) is the average
probability that the acquisition process ends in a falsengldhen the decision thresholg is

chosen such thabr () is constrained by a small positive constank 1,
va = argmin Pp(y) < 0. 4)
Y

The calculation ofPr(y) when the acquisition system employs a serial search syradegjven
in [3]. Since the serial search results in the largest vafuB:¢y) among all permutation search
strategies, this choice of threshold gurantees fhé&t,) < J for any arbitrary permutation search

strategy.



The performance of spread-spectrum acquisition systemsyjpécally been characterized by
the calculation of mean acquisition time [10], [16]. In meacquisition time calculations, a
false alarm penalty time is assumed which is the dwell timeahef verification stage, i.e.,
the time required by the acquisition system to recover frofialse alarm event. Thus mean
acquisition time calculations implicitly assume the exigte of a verification stage. For UWB
signal acquisition systems, if the threshold is set acogrdo (4) the mean detection time is a
reasonable metric for system performance. The mean datetithne is defined as the average
amount of time taken by the acquisition system to end in actietg conditioned on the non-
occurrence of a false alarm event. The calculation of thennteection time thus does not

require any assumption on the verification stage.

IIl. M EAN DETECTION TIME CALCULATION

As mentioned earlier, the problem of finding the optimal petation search strategy when
the probabilities of detection are arbitrary is complext Buve assume that the probabilities
of detection in the hit set elements are equal, we are ablendbafisuboptimal search strategy
which reduces the mean detection time significantly. Thisnpeation search strategy serves as
a useful heuristic solution to the otherwise intractablebpem.

So we proceed to find the permutation search strategy whicinmzes the mean detection
time under the assumption of equal detection probabilitedl ihit set elements. We first calculate
the mean detection time when the search strategy is anagbjpermutationR of the search
space. LetP; be the average probability of detection in any hit set eldmar a particular
initial position p of the hit set in the search space, let the positions of appearof elements
of hit set elements in the sequential search{tg : i = 1,2,..., H}. So the first appearance
of a hit set element is at, ;, the second appearance istas and so on. Table | illustrates this
for the serial search starting in positiérof S when N, = 8 and H = 3, where the positions in
boldface indicate the presence of a hit set element. ThaHes¢ columns of the table contain

the positions of the first, second and third appearances tfsethelement for a particular value



of p. Table Il shows the positions of appearance of the hit sehetgs for the permutation
search strategyl,4,7,2,5,8,3,6) when N, = 8 and H = 3. Note that the columns indicating
the presence of hit set elements in Table Il are obtained byytténg the corresponding columns
of Table I. Also note that a hit set element appears in evesjtipo of the permutation exactly
H times where each appearance corresponds to a distinct @ajuen S. It is easy to see that
this is true for any permutation search strategy and for alies of N, and H.
A detection event is defined by the positigyy where we have a hit and a particular number

of misses; of S. Let T" be the dwell time of the correlator. The time taken for a migsnéis

N,T. The time for a particular detection event defined(pyi, j) is then

The probability that there is a hit in positiony; is given by P,(i) = P;(1 — P;)""'. The
probability of j misses ofS), is equal toPJ{[ where Py, = (1 — P;)". The mean detection time
conditioned on the fact that the first element of the hit sehipositionp of the search space

is given by
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The mean detection time is then given by

1
Tdet - EZTdet(p)
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T T ONO-Py) - Py 7)

Note that the second term in the right hand side of (7) doeslepénd on the permutatidR.

Then any optimization with respect 8 can only hope to minimize the first term.



IV. THE JUMP-BY-H PERMUTATION SEARCH STRATEGY

We want to minimizey(s) = Zfil siPy (i), wheres = (sg, Sg_1,...,51) ands; = Z;V:SI tpis

over all permutations of5. Note thatsy > sy_; > ... > s;. By the fact thatz:fi1 S; =
NS(NSiz“)H and thatp, (i) is a decreasing function affor all P,;, we have the following result.
Lemma 1: g(s) is Schur-concave [17] O0d = {s = (sp,...,s1) 1 8 = D" tyi, @ =
1,2,..., H, for some permutatioi® of S}.
Proof: Let D = {(zy,...,z,) : x1 > --- > x,}. Note thatA is a subset ofD. For all

seDandk=H,H —1,...,2,

H
G(SH, - Skt Sk € 81—t — €, Sk, 51) = B 5 Py(i) — e[Py(k — 1) = Py(k)],  (8)
=1

which is decreasing im since P,(k — 1) > P, (k). The Schur-concavity ofi(s) on D follows
from Lemma 3.A.2 in [17]. Sinced is a subset oD, ¢(s) is Schur-concave onl. [ |
Thus ¢g(s) is minimized if s is the maximal vector ofd. If x <y, i.e. if x is majorized by

y for somex,y € A, then

k k
i=1 i=1
and
H H
Z%’ = Zyz- (10)
i=1 i=1

wherez; andy; are the(H — i + 1)th components irx andy respectively.
Lemma 2: Let r, be not greater than the minimum value Ele s; over all permutations
of S for k = 1,,H—1 andTH: NS(NSi;I)H If Tiyo —Titl = Tir1 — T4 fOfizO,...,H—Q,

then the vector

q= (TH—TH—l,TH—l—TH—2,~~~>7’3—7“2,7’2—7“177“1)7 (11)

majorizes all the vectors inl.

Ns(Ns+1

Proof: By hypothesis, we have, < ¢, < ... < gy and 7 | ¢; = Xt VH “whereg, is

the (H — i + 1)th component ofy. Lets € A and lets; be its(H — i + 1)th component. Since



s1 < 89 < ... < sy, the sum of the: smallest components &fis

k k
Y osizre=(rk—rro1) + (reor —Te2) £ A (e m) A=Y g, (12)
i=1 i=1
for k =1,2,..., H — 1. Furthermore}"" | s; = 24 UH " Thysq majorizess and since the
choice ofs was arbitraryg majorizes all the vectors inl. [ |

We now proceed by finding one particular set-gf which satisfy the conditions of Lemma 2
and then exhibit a permutatidR of S whose corresponding vectare A is equal to the vector
q defined by these,’s. This vectorx then majorizes all the vectors id. Hence the permutation
search strategR minimizes the mean detection time.

Theorem 1; The minimum value ogle s; over all permutations af' is Mjl)HHNJ{;—
Ny H)(Ny, + 1) for k = 1,...,H, where N, = |%:£]. These minima are all simultaneously
achieved by a permutatioR of S given by

Ri=(i—1)H (mod Ny)+ \‘EJ +1, (13)
(%)
where R; is the element in itgth position andd is the greatest common divisor (GCD) of;
and H. Thus the search stratedy is optimal in the set of permutation search strategies.
Proof: First, we note that it is not entirely obvious but easy to shbat (13) does indeed
define a permutation. Suppo&e and R, are equal for some integeisj such that = l(%)—H’Li
andj = m(%) + n; wherel <n;,n; <% and0<i,m <d—1.1f l=m, thenR; — R; =0
N,

if and only if (i — j)H (mod N,) = 0. Since|n; — n;| < () — 1, this impliesi = j. Now

suppose (without loss of generality) tHat- m. Then

R,—R;, = [(Il— m)(%) +n; —nj]H (mod Ny)+1—m
= (ni—n;)H (mod N,)+1—m, (14)

which is not equal to zero since the first term is a multiplelofand the second terin— m is
not greater thanl — 1 < H. Thus theR; are distinct for; = 1,..., N, and it then follows by

the pigeonhole principle tha is a permutation of5.
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There areN,k number oft,;’s in Zle s;, Wwhere each,; is in the set{1,2,..., Ny} with
the restriction that each distinct value ©f; appears at mosk/ times. We can obtain a lower
bound onle s; by assigning the smallest values {n., ..., N,} to thet,,’s such that each
value is assigned/ times. Then the elements in the 4ét..., N} are each assigneld times

and N, + 1 is assignedV,k — N, H times whereN, = L%J. Thus we have

k
> si > 1-H+---+ Ny H+ (Np+1) - (Nk — NpH)

— w + (Nyk — N H)(Ny + 1), (15)

fork=1,... H.
Let . be equal to the lower bound obtained in (15), i.e.,

o= M DI 4 (v N+ 1) (16)

for k=1,..., H. Thenry = Yt UH gnpg

rho1 — 76 = (Ng+1)-(H—Nk+ NeH)+ (N, +2)-H+---+ Npyy - H

+(Ng(k+1) = Npy1 H) - (Nggr + 1),

fork=0,1,...,H—1. Foreachk € {0,1,..., H—1}, r;41 —r iS @ sum of N, terms belonging
to the set{ NV, + 1, ..., Ny41 + 1} with each distinct value appearing at mdsttimes. Since
Niy1 > Ney+ M, rpqg — 1y > 1y — 1 fori = 0,1,..., H — 2. Thus ther,’s satisfy the

conditions in Lemma 2 and consequently

q:(TH—TH—laTH—l—TH—27---77’2—7"1,7"1)7 (17)

majorizes all the vectors inl. In the appendix, we show that the vector A corresponding
to the permutatioR defined in (13) in fact equalg. [ |

It is easy to see thad® has a Jump-byd structure.R consists ofd consecutive blocks each
containing®: elements, where thih block consists of the elemertts H+i, ..., (% —1)H +1)

for 1 <i<d.
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V. NUMERICAL RESULTS

In order to compare the mean detection time performanceeohéuristic permutation search
strategy with the serial search strategy, we chose thenolpvalues for the system parameters:
Size of the search spaceé, = 29696, T. = 2 ns, dwell timeT = N,T., and SNR = 7,10 dB.
The hit set was obtained under the assumption that the PRaleiver has 5 fingers and the
nominal uncoded BER requirement g = 10~3. The threshold was set according to (4) with
0 = 0.05. Table Il shows the mean detection times for the serialcfeand heuristic search
strategies. The mean detection time of the serial seareltegir does not change much with
increase in SNR even though the size of the hit set increagesicantly. This is because the
mean detection time is dominated by the time spent by theisitign system in evaluating and
rejecting the non-hit set phases before it reaches the hifTke heuristic permutation strategy
provides an improvement of more than 70% in the mean detetiite compared to the serial

search.

VI. CONCLUSIONS

We began with the observation that the serial search may mgelobe the optimal search
strategy when the hit set consists of multiple phases wiscthé case for the dense UWB
channel. We provided a heuristic suboptimal solution to geeerally intractable problem of
finding the permutation search strategy which minimizesntigan detection time by assuming
that the detection probabilities of all hit set elementsexyaal. We also found that the heuristic
search strategy has a simple Jump#bstructure and hence it can be generated easily obviating

the need to store the whole permutation.

APPENDIX
A. Proof thatq (defined in (17)) is the vector in the sdtcorresponding to the permutatidR.

We first show thaEf:1 s; i1s equal tor, defined in (16), fork = 1,2,..., H, for all possible
values ofd = GCD(N;, H).
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Case 1.d=H

Let N, = M H for some positive integel. Then theith position in the permutatioRR is
given by
— 1
fori =1,2,..., N,. It is easy to see that the permutation consisté/afonsecutive blocks each

having M elements where thith block can be written as
(k,H+k,2H+k,...,(M —1)H + k), (29)

for k =1,2,..., H. Since any two positions in a block are at ledst- 1 phases apart iy, for

any positionp of the first element of the hit set there is exactly one pasitiothe block where

a hit set element appears. Thus, for a particular value ®fS,,, the ith appearance of a hit set
element is in theéth block, i.e.,(i—1)M+1 < t,, <iM fori € {1,2,..., H}. Furthermore, a hit
set element appears in every position of a block exaldtiwhere each appearance corresponds

to a distinct value op in S,. Then we have

sizitl,,i:((z’—1)M+1)-H+((z’—1)M+2)-H+---+z’M-H, (20)
p=1
and
isz- = 1-H+2-H+---+kM-H:kM(k]\g+1>H
=1
= er(Nsk—NkH)(NkJrl), (22)

where the last equality follows from the fact thaf, = Mk and Ny, = N,H = M Hk.

Case 2:d =1

In this case, théth position in the permutation is given by
Ri=(Gi—1)H (mod N;)+1, (22)

fori=1,2,..., N.
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We first calculates; = >0

t,1. Thus we need to enumerate the positions of the first
appearance of a hit set element in the permutation fop adl S,. Consider the firstV; + 1
positions of the permutation, namely, Rs, . .., Ry, 1. Note that the locations of these positions
in the search space are such that any two consecutive pisdie located? — 1 phases apart
and any block ofH consecutive phases in the search spéceontains one of these positions.
We claim that for allp € S, the first appearance of a hit set element occurs in one oéthes
positions, i.e.t,1 < N; + 1. Suppose this is false. Then there exists @ S, such that when
the first element of the hit set block is jn none of theHd consecutive hit set phases appear in
Ri, Rs, ..., Ryn,+1. This implies that there is a block @f consecutive phases ), which does
not contain any ofR, Rs, ..., Ry,+1, Which is a contradiction. Any two positions in the first
N, positions of the permutation, namely, R, ..., Ry,, are at least{ — 1 phases apart in the
search space. Thus for a particular valueyoé hit set element can appear only in one of these
positions. So every appearance of a hit set element in thigggositions is a first appearance
and corresponds to a distingte S,. Since a hit set element appears exaéflytimes in every
R;, there are exactlyd first appearances in each one Bf, R, ..., Ry, and there cannot be
any more appearances. This accounts for the first appeaoéachit set element corresponding
to N, H distinctp’s in S,. By the fact that,; < N; +1 for all p € S, the remainingV; — N, H
appearances have to occurfity, +1. Thus
Ns
st = 3 tpu=1-H+2 H+--+N-H+ (N +1)- (N, — N, H)

p=1

— w + (Ny — Ny H)(Ny + 1). (23)

The remainingd — (N;— N, H) appearances of a hit set elemenfiR, ,; are second appearances
of a hit set element since these correspong’san S, for which the first appearance of a hit
set element is not iRy, 1, but in one ofRy, Ry, ..., Ry, .

In order to calculates, = E;V;tp,g, we consider the position8x, 2, Rny+3,- - -5 Rnpt1-
The locations of these positions in the search space areteathny two consecutive positions

are locatedd — 1 phases apart and any block &f consecutive phases in the search space
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S, contains one of these positions. Hence by the argument irpté&ous paragraph, a hit
set element appears in one of these positions fopafl S,. Since the first appearance of
a hit set element occurs iR, Rs, ..., Ry,41 for all p € S, each appearance of a hit set
element in Ry, 2, Rn,43,-- -, Rn,+1 IS either the second or thitdappearance of a hit set
element. Thus we havg, < N, + 1 for all p € S,. Furthermore, any two positions in the
positionsRy, 11, Ry, 42, - - -, Ry, are at leastd — 1 phases apart in the search space. Thus for
a particular value of, a hit set element can appear only in one of these positiomseash

of the H appearances of a hit set elementAiR, 2, Rn, 13, ..., Ry, iS @ second appearance of
a hit set element and corresponds to a distmet S,. None of these appearances is a third
appearance of a hit set element because the only way thisaggeh is that for a particular

in S, the second appearance occursfg,.; and for that same a hit set element appears in
Rynyi2, Rnyis, ..., Ry,. We already know that{ — (N, — N1 H) second appearances of a hit
set element occur iRy, ;. So far we have enumeratéd — (N; — N1H) + (N — Ny — 1)H

(= NyH — N;) second appearances of a hit set elemem® ., Ry, 12, ..., Ry, cOrresponding
to distinctp’s in S, and there cannot be more any more appearances in thesepssince
tp2 < Ny + 1, the remainingV; — (NoH — N;) second appearances have to 0CCUlRif, .

Thus

Ns
$5=) tyo = (Ni+1)-(H—(Ny— NH))+(N;+2)- H+ (N +3)- H+
p=1

oo+ Ny- H+ (Na+1)- (2N, — NoH) (24)

and using (23) we have

2 2 Ns
s = > > tpi=1-H+2 - H+---+Ni-H+ (Ny+1)- (2N, — NoH)

i=1 i=1 p=1

_ w + (2N, — NyH) (N + 1). (25)

The values;, = Z;V;tp,k for £k > 2 can be calculated using arguments very similar to those

'Due to the fact that some second appearances oCARIin-1.
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used in calculating,. Finally, we get
(Ne + 1)H
Z S = ’“—) + (Ngk — N.H)(N;, + 1). (26)

fork=1,2,...,H.

Case 3:1<d< H

Let M = % Then the:ith position in the permutatioR is given by
— 1
Ri=(G(—1)H (mod N;)+ VWJ +1, (27)

fori=1,2,...,N,. As in Case 1, the permutation consistsiafonsecutive blocks each having

M elements where thith block can be written as
(Rayk—1)+1, Buvge—1y425 - - Raw) = (b, H + k,2H + k, ..., (M — 1)H + k), (28)
for k =1,2,...,d. Theith position in the first block R;, Rs, ..., Ry/) is given by
Ri=(i—1)H (mod N,)+ 1, (29)

fori=1,2,..., M. Note that the structure of the permutation in the first bleckhe same as
the structure of the permutation in Case 2, i.e., any two @outs/e positions are located — 1

phases apart in the search space. Ket= %. Then Ny = | & | = M. Since in Case 2, the

Hd
value of s, depended only on the relative locations of the positi@asRs, . . ., Ry, +1, we have
k
(N 1HH
D 5= ’“—+) + (Nok — N H)(Ny, + 1), (30)

=1
for £ < K. This argument cannot be extended for the case whenK because the positions

1,2,..., Ry,+1 g0 beyond the first block and hence their relative positicesnat as in Case

2. Nevertheless, the position8y, ,+1, Rn,_,+2,- .., Rn, are such that any two positions
are at leastd — 1 phases apart in the search space and any blockK @onsecutive phases
contains exactly one of these positions. So each ofHhappearances of a hit set element in
RNy 1+2: RN 143, -- . RN, IS @ Kth appearance of a hit element and corresponds to a distinct

pin S,. We know from Case 2 that A'th appearance occu¥$ — (N,(K —1) — Nx_; H) times
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in Ry, _,+1. This accounts foldf — (Ny(K —1) — Nx_1H) + (Nxk — Nxk_1 — 1)H (= N;) Kth
appearances of a hit set element. Since théte appearances all correspond to distipstin

Sy, this accounts for all possibl&'th appearances and hence we have

k(N 1 H Ng(N 1)H
Zsz K P OH_ Nt D (- vemyv 11, @)
where the second equality follows from the fact tlﬂat_ = MH = NgH. Thus the first

K appearances of a hit set element occur in the first block.eSine relative locations of the
positions in any of thel blocks are the same as those in the first block, e X" appearances

of a hit set element occur in theth block. Thus
kK

ME(MkE +1)H
S s, = MEQME Y D (32)
, 2
=1
for k=1,2,...,d. Furthermore, théth appearance of a hit set element in #iik block occurs

in the same positions within the block as tiie appearance of a hit set element in the first block
and theith appearance of a hit set element in thb block is the((k — 1)K + i)th appearance

overall of a hit set element in the permutation. Thus we have

(k—1)K+i i
Y s=iM(k—1)HN,+ Y s, (33)
I=(k—1)K+1 =1

for k =1,2,...,d. Note that forj = (k — 1)K + i, we have
_ . Ns(k=DH | a7
{Ns((’f 1)K“)J _ { F— SZJ _ {M(k— 1)+ %J — M(k—1)+N;. (34)

Nj:

H H
Thus forj = (k — 1)K + 4, from (32) and (33) we have

(k—1)K (k—1)K +i

J
Zsl = Z S; + Z S;
=1

=1 I=(k—1)K+1

Mk —1)(M(k—1)+1)H

= 9 L (Ny— N;H)(N, +1) (35)
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Thus for all possible values af we have shown that

k
Ny (N, +1)H
Zsz’: k( k2+ ) + (Ns — NoH)(Ny + 1) = 1y, (36)
=1
for k =1,2,..., H. Then the vector in the sed corresponding to the permutatidd is given

by

(SH,SH—l,---,Sl) = (TH_TH—lyrH—l_TH—2>---7T2_T17T1) =q. (37)
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p i | b2 | B3
111 2 3 4 5 6 7 8| 1 2 3
211 2 3 4 5 6 7 8| 2 3 4
3|1 2 3 4 5 6 7 8| 3 4 5
411 2 3 4 5 6 7 8 4 5 6
5112 2 3 4 5 6 7 8 5 6 7
6|1 2 3 4 5 6 7 8 6 7 8
711 2 3 4 5 6 7 8 1 7 8
8|1 2 3 4 5 6 7 8 1 2 8
TABLE |
SERIAL SEARCH FORN, = 8 AND H = 3.
p i1 | G2 | Gp3
111 4 7 2 5 8 3 6 1 4 7
211 4 7 2 5 8 3 6 2 4 7
3|12 4 7 2 5 8 3 6 2 5 7
4,1 4 7 2 5 8 3 6 2 5 8
5/1 4 7 2 5 8 3 6 3 5 8
6|1 4 7 2 5 8 3 6 3 6 8
7112 4 7 2 5 8 3 6|1 3 6
8|1 4 7 2 5 8 3 6 1 4 6
TABLE 1l

PERMUTATION SEARCH (1,4,7,2,5,8,3,6) FORN; =8 AND H = 3.

MEAN DETECTION TIME (MDT) VALUES FOR THE SERIAL SEARCH AND HUERISTIC SEARCH STRATEGE

SNR | Hit set size| Serial Search MDT| Heuristic Search MDT]

7 dB 25 0.8808 s 0.2498 s

10 dB 40 0.8803 s 0.1993 s
TABLE Il
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